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I.—ON A DIFFICULTY IN THE THEORY OF ALGEBRA. 
By D. F. Grecory, M.A. Fellow of Trinity College. 


I ovent perhaps to apologize to the reader for calling his 
attention to a subject so much discussed as the nature of the 
symbols + and — when used in symbolical Algebra. But the 
theory which I wish to develop appears tome to remove some 
part of the difficulties which, after all which has been written, 
still adhere to the subject; and I am the more anxious to ex- 
plain my views, because I have in previous papers held, in 
common I believe with every other writer, an opinion which 
a more attentive consideration induces me to think erroneous. 
It is generally assumed that the symbols + and — signify 
primarily addition and subtraction, and that any other 
meanings which we may attach to them must be derived 
from the fundamental significations. The theory which I 
have now to maintain is the apparently paradoxical one, that 
the symbols + and - do not represent the arithmetical opera- 
tions of addition and subtraction ; and that though they were 
originally intended to bear these meanings, they have become 
really the representatives of very different operations. This 
is opposed to our preconceived ideas, but I trust that the 
following statements will show the truth of the assertion. 
When it is said that any symbol does not represent a 
particular operation, it is necessary to explain what is to be 
understood by an Algebraical symbol, and in what way it 
represents an operation. In previous papers on the Theory 
of Algebra, I have maintained the doctrine that a symbol is 
defined algebraically when its laws of combination are given ; 
and that a symbol represents a given operation when the laws 
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of combination of the latter are the same as those of the former. 
This, or a similar theory of the nature of Algebra, seems to 
be generally entertained by those who have turned their 
attention to the subject: but without in any degree leaning 
on it, we may say that symbols are actually subject to certain 
laws of combination, though we do not suppose them to be 
so defined; and that a symbol representing any operation 
must be subject to the same laws of combination as the 
operation it represents. These assertions are independent 
of any theory except this, that there is a general Symbolical 
Algebra different from Arithmetical Algebra, in which the 
laws of the combination of the symbols are attended to. When 
therefore I say that the symbol + does not represent the 
arithmetical operation of addition, or - that of subtraction, 
I mean that the laws of combination of the symbols + and — 
are not those of the operations of addition and subtraction. 
Now the laws of combination of the symbols + and — are 
four, viz. 
+4+@=+a, +-a=-a@, -+@=-a, --@=4+4; 

and whatever may be our theory of the meaning of these 
symbols, there is no doubt that we always assume them to be 
subject to these laws, which are indeed the very first steps 
which the student in algebra makes. But no one who con- 
siders the nature of the arithmetical operations can hesitate for 
a moment to say, that they are not subject to these laws; of 
which a sufficient proof is this, that addition and subtraction 
are inverse operations, whereas the second and third of the 
preceding laws are inconsistent with the idea that + and — are 
inverse symbols, the character of which is, that the one 
undoes what the other does ; so that if f, @ are two symbols 
representing inverse operations, we have 


fo(@=a and ¢f(a)=a. 


The same conclusion also follows from the fourth law, which 
is evidently analogous to the relation between a number and 
its square, not to that between a number and its reciprocal. 
A natural objection which may be brought against the view 
which I am here maintaining is, that we do actually define + 
and —to be the symbols representing addition and subtrac- 
tion, and therefore that they must represent these operations. 
A further examination however will shew that this is not 
the case. We say that a + z is to represent z added to a, and 
a-—x, x subtracted from a: we do not directly assert that 
+ signifies addition, and — subtraction. If we did we should 
contradict ourselyes, when we asserted that +—-a@=- «@, or 
--a=+a. The fact is, that we are deceived by writing 
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a sum and difference in a manner different from that in 
which we express the performance of any other operation. 
When we wish to denote that an operation f is performed on 
a subject a, we usually prefix the symbol of operation to the 
subject, and write f(a): this however is not necessary, for we 
might connect them in any other way; and indeed Mr. 
Murphy prefixes the subject to the symbol of operation, 
apparently for the purpose of avoiding the prejudices which 
our ordinary mode of writing is apt to produce. But, on the 
other hand, when we wish to denote the addition of a number 
zx to a number 4, or its subtraction from it, we write 


@+2 or a@-wZ, 


the operations being indicated by writing the symbol of the 
number added or subtracted after the subject, and separated 
from it by certain symbols ; whereas in the ordinary mode of 
writing we should prefix the operating symbol. Now if we 
merely assert that a+ is to signify the addition of x to a, 
the symbol + might be understood to ¢rdicate addition, it being 
used to distinguish the kind of operation involving « which is 
performed on a, in the same way as a x 2 indicates the mul- 
tiplication of a@ by z. But by such an assertion we do not 
make + an algebraical symbol in the sense in which I use the 
word; nor does it represent the operation, though it may in- 
dicate it. It is only when we arrive at such conclusions as 
a+(e+y)=a+x+y, mvolving the law ++a=+a, that we 
give to + an algebraical individuality as a symbol subject to 
certain laws of combination, which, we see at once, are not 
those belonging to the operation of addition. If on this any 
one chooses to say that he considers + as indicating (he cannot 
say representing) the operation of addition, and that he does 
not trouble himself about its laws of combination, there can 
be no objection to his holding such an opinion except this, 
that the Algebra in which such a symbol is used is not a 
general science, but simply Arithmetic. He cannot, con- 
sistently with this doctrine, hold that direction in Geometry 
can be indicated by + and -; or that these symbols can 
receive any other interpretation than that which was origi- 
nally assigned to them: conclusions inconsistent with any 
conceptions which we can form of a general Algebra. ‘There 
is no doubt that we can give these symbols such a geometrical 
interpretation, and it is the possibility of so doing which has 
occasioned the difficulties of the Theory of Algebra consi- 
dered as something more gencral than Arithmetic, and which 
has led to the more extended views which in recent years 
have been taken of the subject. 
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The preceding observations may be illustrated by using 
new symbols to represent the operations of addition and sub- 
raction, by prefixing them in the ordinary way to the subject, 
and so investigating their laws of combination. Let us assume 
the symbol A to be that which represents addition, and B 
that of subtraction, and let us attach to them as a suffix the 
quantity which is added or subtracted ; so that 


A_(a) and B (a) 


represent the addition of z to a and the subtraction of z from 
a. One of the most obvious laws of the operation of addition 
is, that if z and y be two quantities which are added to a, it 
is indifferent in what order the operations are performed: so 
that if we first add z to a, and then y to the sum, we obtain 
the same result as if we first added y to a, and then z to the 
sum. ‘This law is expressed by the equation 
AA (a)= A,A, (a); 

that is, the operations A , A are commutative. 

Again: another law is, that cach of these sums is the same 
as if y were first added to z, and then that sum added to a. 
Now the sum of y and z is represented by A, (2), and 
therefore the addition of this sum to a is represented by 
Ay, (2)(a); so that the law in question is expressed by the 
equation 

AA, (a) = A, (x) (@). 


The same law may be extended to any number of variables 

2, Y, 2, so that we have the equation 
A A,A, = A, ia (a), and so on. 

The notation is an inconvenient one: but it is not here in- 
troduced for the purpose of supplanting the common one, but 
merely to show how the laws of combination of the operation 
of addition may be represented by one symbol only, without 
the aid of a subsidiary symbol such as +. 

A third law of the operation of addition is, that it is indif- 
ferent whether z be added to a, or a to x: this is expressed 
by the equation 

A, (a) = A, (2). 


These three laws of combination are sufficient for our pur- 
pose, and show distinctly in a symbolical form how different 
the laws of the operation of addition are from the laws of 
combination of the symbol +, which therefore cannot repre- 
sent it. 
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With regard to subtraction, since it is the operation which 
is inverse to addition, we have plainly 
f _ ? 4 — 
A,B (a) = B.A, (a) =a. 
Also, without going into detail, it is easy to see that 
BA, (a) = Ap, (y)(@) = Bz, (x) (@) 3 
and thus the laws of the operation of subtraction are repre- 
sented by means of the symbols of addition and subtraction. 
By means of this notation we see distinctly how the symbol 
+ appears frequently as a separative symbol between two 
others, in such a way that the order of the symbols cannot 
be changed. Thus we cannot say +az instead of a+ 2, 
; 1 
though we do say that a/—12, or a(-)' a, is equivalent to 
1 1 
(-)ax: for a+z is equivalent to A (a), whereas a(-)'z 
signifies only the successive performance of these operations 
. . wor: ! 
which are commutative; the symbol )/-1, or (—)', not 
having acquired the double signification which is attached in 
consequence of their position, to + or -. In the same way, 
though we say that @+(-2)=a-2z, we do not say that 
—- 1 1 
a+ /-12, or a+[(-)'2]=a(-)' 2, because these two formule 
are equivalent to A_(@) and A, y, (a), and the law that 
. " 1 
A_, (a) = B,(@) has no analogue in the case of (-)’, or other 
powers of + and -. 
The distributive law, which is met with so frequently in 
algebraical operations, and which is usually written 
S(aixv)y=f@if(2), 


is in this notation expressed by the equation 


F{A,@] = Aro [F@)- 


In like manner the index law, which is usually written 


Sf" (a =f" (a), 


becomes in this notation 


Sf" (a) = fam (a). 

To one who is acquainted with the higher branches of 
mathematics it is obvious that the operation, which is here 
denoted by A, is the same in kind as that of which so much 
use is made in the Calculus of Finite Differences for convert- 
ing f(x) into f (x + +), and which has been represented by 
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the symbol D" in the papers on the subject in preceding num- 
bers of this journal. 


Before concluding I would say a few words on what 
appears to me to be a prejudice relative to the nature of the 
symbols + and —. These are generally considered to be abso- 
lutely distinct from literal symbols, and have in consequence 
a different name assigned to them, being callec “signs of 
affection.”” Such a distinction exists in arithmetical, but not 
in general Algebra. In the former, literal symbols are used 
to represent numbers or magnitudes, and are capable of re- 
ceiving interpretation, that is, of having different meanings or 
values assigned to them, while the signs of affection indicate the 
performance of certain operations, and are incapable of bearing 
any other meaning than those which are originally assigned 
tothem. As such, the signs + and are exactly on a par with 
x and +,though the latter, from accidental circumstances, have 
not become so important as the former. When we write the 
symbol ain Arithmetical Algebra, we mean that we may sub- 
stitute for it any number we choose; but when we write a + 6, 
we say that d is added to a, we attach to +a definite sont th 
and we can give no other interpretation to it, without taking 
into consideration its laws of combination, which are exc luded 
from Arithmetical Algebra. On the other hand, in Symbolical 
Algebra, where every symbol represents an operation, it is 
obvious that we cannot d priori speak of any difference in 
kind between different symbols. In such a science what is 
a, and what is +? ‘To neither are definite meanings attached, 
as to the latter symbol in Arithmetical Algebra. Our concep- 
tions would be cle: wer, and our minds more free from prejudice, 
if we never used in the general science symbols to which 
definite meanings had been appropriated in the particular 
science. Inveterate practice has however so wedded us to the 
use of the symbols + and — that we find it difficult to dis- 
pense with them, and still more difficult, in using them, to 
avoid being misled by ideas drawn from Arithmetic. ‘The sym- 
bols + and —, x and =, were invented for the purpose of indicating 
the performance of certain operations on numbers ; but as the 
science advanced, it was found that the symbol x might be 
conveniently omitted, the operation being indicated merely 
by the juxtaposition of symbols; so that az stood for a@ x z. 
From this the transition was easy to the conception of @ as 
the symbol of the operation; a change of great importance, 
as leading to the view that Symbolic: l Alge bra is a Calculus of 
Operations. But it is merely a matter of accident that the 
symbol « was that which was expunged: that fate might as 
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well have befallen the symbol +, and then az would have 
signified the addition of @ to z, and the difficulties which 
have been experienced regarding + and - would then have 
been transferred to x and +. It is perhaps, to a certain ex- 
tent, unfortunate that we have in multiplication represented 
by one letter the symbol of the operation as well as that with 
respect to which it is performed : the latter ought rather to be 
attached as an index or a suffix. Thus, if we represented 
the multiplication of z by @ by the symbol P(x), we should 
have no difficulty in seeing that it was exactly analogous to 
addition under the notation A(x), as I have in this paper 
written it. 

In the preceding remarks I have proceeded on the supposi- 
tion that Symbolical Algebra must be considered as a science 
of operations represented symbolically: this view may not 
appear to every one necessary ; but if the subject be consi- 
dered in all its generality, it will, I am convinced, be found 
that there is no other way of explaining the difficulties of 
Algebra in a uniform and consistent manner. 


Il.—ON THE LIMITS OF MACLAURIN’S THEOREM. 
By A. Q. G. Craururp, M.A. Jesus College. 
To the Editor of the Cambridge Mathematical Journal. 


Srr,—There is an error in my last paper which I did not 
observe till I saw it in print, and which I now hasten to 
correct. But before doing so, I must give the reader notice, 


a 
that in what follows I shall use the symbol C instead of C. 


a” n 
The former is more analogous than the latter to the ordinary 


notation of algebra, and may be usefully extended by taking 
C to represent the coefficient of ¢* in a series of powers of 
ets 


e*; and C’ for the coefficient of cos ma in a series of the 
cos 2a 


cosines of multiples of a. 


The error to which I have alluded occurs in page 85, 
line 10, where, having shewn that the terms of Maclaurin’s 
series which follow that affected with 2’, may be repre- 
sented by 


vw" C L@ . (or mo £@. , 
antl 1 a x a®§ 2-2 


a 
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I proceed to substitute for this expression 


a” 1 d” 1 (a) 
1.2....(%+1) dda” “4 a’ 
aAj)azo 


which is the same as 
Frais J d” fi f(a) | 
1.2....”  \da" a-s} 


a=0 
I was led to this conclusion by observing, that the quantity 


f(a) 


“—~ may be developed in a series of positive powers of a; 
-2 
and from this I inferred, that the coefficient of a” in its 


development must be equal to x (the value corres- 
’ 


Ase case 


ponding to a=0 of its n differential coefficient). But this 


(a) . 
argument is fallacious, for the expression C . Sta 


n @-d 


is indeter- 





a 


minate ; it has at least two values, and 
: a fa S(a)) 
ee da" ‘a-2J 


is one of these values, but not the right one. Supposing 
F(a) to be developable only in a series of positive powers of 





a=0 


(a 
a, the values of C. ce. are 
a” g= 1 
C I@ )+ aC flaj+2C f(a) + &c. to infinity, 
ant qn? an $ 


and - {2'C f(a)+ 2° C f(a)+2°C f(a)....0""C f(a}. 
a” an-l a? 


qn-2 


in 





The former is that which results from developing 


a series of negative powers of a; the latter results from 

developing the same in a series of positive powers. If each 

of these series be multiplied by z"", the former gives those 

terms of Maclaurin’s series which follow that affected with 2” 
(or the remainder); the latter, which is equal to 

1 fd" f(a))\ 

ee * \da"’ a«9),. 

gives al] the terms up to that affected with 2", with thcir 

signs changed, which are equivalent to the remainder — f(z). 

Consequently, the only real results of my paper in the 14th 

number of the Journal, are those which give the sum of any 
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part of the series by means of the symbol C, and those which 
a” 
give the sums of a finite number of terms by means of the 
symbol of differentiation ; the latter may be written thus. 
The terms of Maclaurin’s series from that affected with 2” 
to that affected with 2”, both included, are equivalent to 


ee a 2 

ces Z-a les 
When x = 0, this becomes 

ee ees FES peas, OLY 

1.2.3....m |da” * Z-a Jan 


gm fi d m F(a) | 

12 ee \da” "g-aJ 

which is the value of all the terms up to that affected with z” 
The corresponding expressions for 'T'aylor’s series are, 


h” af d™ £( ’ ye — a” a 
-— t+a).—--— 





a=0 





a da” h-a jy 
1 fa" — em a") 
and ~—--—— (x + . 
iS? eee \da” S — -a eg 


" ja sad f(x + a)\ 


i. 2. 3. eo m \da™ s h =e ‘ene 


Cor. The portions of the two series intermediate between 
the terms affected with the m™ and x powers (but including 
them), may also be represented by 


ie Sa) Ee | 
12..m da” * x ‘2- aa. » 1.2..(m-1)\da*"’ z- Gao 


and 


wet fd” flesa) 2 a Ae 








1.2..m\da"" h-a _, 1.2..(n-1)\da"™* h-a 


which expressions are easily reduced to those previously 
given. 








London, April 6th, 1842. 
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III.—ON CERTAIN EXPANSIONS, IN SERIES OF MULTIPLE 
SINES AND COSINES. 
By Anrtuur Cayzey, B.A. Trin. Coll. 


In the following paper we shall suppose « the base of the 
hyperbolic system of logarithms; e a constant, such that its 


1 9 
modulus, and also the modulus of — {1 -v(1 -’)}, are each 
e 


of them less than unity; x {e*“} a function of w, which, as 
(w) increases from 0 to 7, passes continuously from the former 
of these values to the latter, without becoming a maximum in 
the interval, f(c"“) any function of (~) which remains finite 
and continuous for values of uw included between the above 
limits. Hence, writing 
i OM ev cenecnse CE 

and considering the quantity 


P _ Sf uv(-0) 
- wate : 5 a save 
V— 1) x' fe" } (1 - e€ cos wu) 
as a function of m, for values of m or w included between the 
limits 0 and z, we have 
v(1 -e*). fi{er} 


vV(- 1x {er"OV"d — € COS %) 


2 p" vl = e*). f fe" } cos rm dm 


= - 5. cos rm | vm , 
7 o VW -1) x Ye" } (1 - e€ cos w) 





.++(8), 


(Poisson, Mec. tom. 1. p. 650); which may also be written 
WA =e). f fer} 
V(- 1) x’ {e"“ } (1 - e cos w) 


=< cos rm [ v1 ~e) f fer} cosr x {et} du 
se . ‘ 
a n 1 -—e cos u 








oe (4). 
: . (4) 
And if the first side of the equation be generally expansible 
in a series of multiple cosines of m, instead of being so in 
particular cases only, its expanded value will always be the 
one given by the second side of the preceding equation. 

Now, between the limits 0 and 7, the function 
fi evn} cos 7 Xx { e a 

will always be expansible in a series of multiple cosines of u; 
and if by any algebraical process the function fp cos rxp can 
be expanded in the form 


Sp cos rxyp= Zap’, (a=a,)...... (5); 





Av 


we 
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we have, in a convergent series, 
Sie) cos rx { aid = a, ot 27 a, COS SU. cc .(6). 
Again, putting ! - =o | et ht, ee Tee TTT 


V ” ~~ e) 


we have eS ants 
1—e cos u 


= 1+23; cos pu........ (8). 
Multiplying these two series, and effecting the integration, 
we obtain 
1 (1-é “i(-) }cos 7 Len” “du. “ 
.{ ¥ 2 Sit Xi Nyda = 2{la,+ Z1r(a,X')}...(9). 
TJ 1-—e cos u ; 
And the second side of this equation being obviously derived 
from the expansion of fA cos rxA, by rejecting negative 
powers of A, and dividing by 2 the term independent of A, 
may conveniently be represented by the notation 
a ae 
2FXCOS TYAN, owe eee ee (10)5 
where in general, if !. can be expanded in the form 
r.A=2°, (4A), [4,= 4]. ...(11), 
we have ¥. A=$4,+ SP Ad. ..... (12). 


(By what has preceded, the expansion of I’. X in the above 
form is always possible in a certain sense; however, in the 
remainder of the present paper, I. will always be of a form 

— : 1 : P , 
to satisfy the equation .( —)=I'.A, except in cases which 
rn > 


will afterwards be considered, where the condition A_,=4A, 
is unnecessary.) 
sea observing the equations (4), (9), (10), 

Soe" 32 

Kdx te fe" (1 —e cos w) 

from which, assuming a system of equations analogous to 

(1), and representing by II(#) the product ©,6,...., it is 

easy to deduce 


cos 7m ‘2. cos s rXAf X ... (18); 








f (1-é , wr 
ave EN icearat Ser, ee,,,} 
= >", 3°, ... cos rm IL (2 cos rxr) fa, Ay) (14), 
where I’.(A,, A, ...) being expansible in the form 
7 oe 


«ovate 
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. 2D » 1 8 8 
r(A,,A,...)= D> Xo ee ON A ys hy eee were erens (16), 


5)? Sores 


N being the number of exponents which vanish. 


The equations (13) and (14) may also be written in the 
forms 


-—- 


vu- xd f1-be(A+A7)} 





- wi(- _ =", cos rm 2 cos no 1 -@) fX..A7), 
Sir* “ , 00} hee 
=3" 8°, ...11(cosrm) [acos me ve De *\") ne ve )..(18), 


As examples of these formule, we may assume 

x {OF =ma=u-esinu...... (19). 

Hence, putting 
re re 
- £6 (A-N-2) ¢ (N-A-) 
Ae * +A." = A..eee (20), 

and observing the equation 

V(-1)x/{e""} = 1 -e cosu.... (21), 
the equation (17) becomes 





f 1 1\ 2 
af 1-—le(A+A 
File} = SE cos rm A, \ : = fhe ss 
(1 - é) 
_ i COs U— € 
Thus, if Dey me ar —=8 cscs . (23), 


1—e cos u 





° . Cos u-e 
assuming fee) — Sp haee Ae 
. JX 1 - € cos % #4) 
7 | er 
cos (0-7)=>", ———. cos rm 1-20 " yi (A+A")-e pA,...(25), 
*y(1-e*) a | aes i 
the term corresponding to r = 0 being 
1 


—— {2\ - 2e-e(A’ + 1)+ 2eA}, =-e... .(26). 
24 (1 ae e) { ( ) } ( ) 
Again, assuming 
f{ew) _ 8 | va = . (27) 
> 
' ‘dm (1-e cos uy’ 
and integrating the resulting equation with respect to m, 
sin7m — sin 7m — 
6-2r= >", —— A,=m+ 23; ——A,.. (28), 
7 7 ae) i i 
a formula given in the fifth Number of the Mathematical 
Journal, and which suggested the present paper. 





(18). 


al 
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As another example, let 


dO v(1-e). (cos wu — e) 


fe" = cos (0-7 = « (29 
dm (1 -—e cos u)’ (29) 
Then integrating with respect to m, there is a term 
fae os 
2m. - owstivews CAC 
= L e(A 4 d”) ( ) 
3 ——__—____ -/“ 


which it is evident, d prior, must vanish. Equating it to 
zero, and reducing, we obtain 








A+" 
3° : seeeeee BL), 
= 1-<(+d") 
hi <i J 
> > > 3 : 
i.e. = : pA+ SON + 1)+5 (4 B0)4 = (A+ ANB) bose (32), 
_— é .) 4 


a singular formula, which may be verified by substituting for 
A its value: we then obtain 





1 -1 v 
° sin rm 5(A+A)-e s 
sin (9 - w)= 235; —— A, aca ali os Se (33). 
, 


The expansions of sin / (0-7), cos k (8-7), are in like 
manner given by the formule 


cos k (0-7) = 3", ‘A,L cos kL cos rm .... (34), 


| a Te | 


1 sin heal r 
sin k(@-m)= 3.2 A, — cos EL a | | 
. Yr 
Nicisssannaracciiinseiniimspiatiel 
where, to abbreviate, we have written 
> De —-€ . 
cos” RR hl Ei scconns Ce 
; 
1- a (A +X") . 


11-2 aan 
—— 


J =I eee eeeere (37). 





Vv(1 - é’) 
Forming the analogous expressions for 
cos k(0'- 7’), sink (0 - 7’), 
substituting in 
cos k (0-6) 
=cos k(m-m') {cos k (0-7) cos k(0'-2'):sin & (0-7) sin & (0’-2')} 
~sin k (a-n') {sin k (0-7) cos k (0'—7')-sin k (0'-2') cos k(0-7)}, 
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and reducing the whole to multiple cosines, the final result 
takes the very simple form 





cos k (0 - @) ; 
_ 

==", cos {r’'m'-rm+k (w-m')} A,A',, cos kL cos kL’ (1-j2)(2- =) os 
"icant — aF _fr'), 


Again, formule analogous to (14), (18), may be deduced 


from the equation 
I’. (m,, m,...) 
dm, 
=37, Uo, +++ (cos (7,4 rime), 
0 


oe. 


, "dm, [? “dm, ' , 
sin (7m,+7,m,..) | —] —...sin (rym,+7m,...)T.(m,, m, +. 


o 27 on’ 


which holds from m, = 0 to m, = 27, &c., but in many cases 
universally. In this c case, writing for r. (m,, m,...) the 
function 
1s v(1-e*)-e sina hye HD, gteD),..1.(40)3 
WCDx fg Cy} 1—e cos u 
and heane 


v1 - e)-esin wv(—-1)_ 1+. 





1 —e cos z “2 yee 
=1+23,*{cos su - V(- 1) sin su} '.... (41), 
an exactly similar analysis, (except that in the expansion 
T (Ay, Agee) = Bo, D2, Ay egy eeedytA,---y the supposition is not 


$, § 
made that A =A ..-)) leads to the result 


$19 s9°°° e 

ML —é)-e sin u v(-1) 1 
uy V(-1)  ,uev(- Pot Bi ce, ie 
Serene -)0 {qe 1) xe" (1 = cos w)f © 


Sn ~ (17m +9,9, +++)'Q" cos (7,x,A ATK Azee FAs Ay 








sin (7,2,+7,m, ...)'QM 2" sin (7 1X AAT Xvy* ae 


. (42). 
(nN) being the number of variables w,, w,.... This may also be 
written 


Fi gat. ge), } = 





(38), 


"di 
mM, 
ie + COS (77,22, 47,M, +04) T.(M,, M, 0. 


} 


‘) 
(39), 





Cc— 


(2v(-1) Pit Ue Cay 2! 
L Wa=¢)- 





3%, D2... (cos (7,m,+...) COS (7,x,A, +...) H 
L 








be(a-a7) -d7 Sa 1? dav) 4 








rc 


. ° v(- {1-le M4 rN 
sin (7m,+...) sin (7,x,A,+- er x ae aS ¥) Tro 





(4 





(38). 
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On certain Expansions. 


By choosing for f{e"", &),..}, functions expansible 
without sines, or without cosines, a variety of formule may 
be obtained: we may instance 





(x - 7) x {1 js 50 + ) A, 


v(1 - &) - 50 ““”) 


A ae 





=0.... (44), 





A, having the same meaning as before. 





{4(x + 7) -e} f ~<A + | A’, 
Also, md : =0.... (45), 
a" ; 
V1 - &)- gh — ") 
New a 





FOAM) | Fad) 
where A= e * — Ae 


T1-SeA+rA DP A-A’) AP 2 
- 








Again, 














e al 
1-3} ——- (A - A”) 

Sidon Se ; 
and 
TT TVe(aga)f(aga7)—Let A, - 
it 2 (A4 di ) 3 © | ={1-3eQ4n)HOG7)- Fey A, 

1-3 / 2 (A-A") 
V(1 - e’) . .. (48); 





or, what is the same thing, 


(A-A") {1-he A+ar")}{A+A%) —Set A, _ 
eé 

















t+§——— (A-2") 

- oe 2 
a v(1 - &’) = 
or, comparing with (44), 
(7 -d*) {1-be(A+A")} A, aa 
‘. oh REPT TE (50), 
en a ee 
*V(1- &) ) P 





which are all obtained by applying the formula (43) to the 
, sin ; , , 
expansion of |. (8-7), and comparing with the equations 


(25), (33). 
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1V.—ON SOME DEFINITE INTEGRALS.” 
Tne following paper contains examples of the Evaluation of 


Definite Integrals by means of artifices depending on the 
following equation, the truth of which it is easy to see, viz. 


[ ro dx -| f(a - 2) dt ...... (A) 


1. To find the value of “ log sin 0d0. 


70 


Let “= | aii log sin 0 d0, 
paw 
then u =| log cos 8. d0, by (A); 


hor 
adding these, 2u = [ log sin 0 cos 0. dé 


/0 


= i? (log sin 20 + log $) d0; 
but [~ log sin 20 d0= {" log sin 0'.d0' (by putting 20= 6’) 


= [> log sin 0 d@’, 


(since the values of the sine between 0 and $7 exactly corres- 
pond to those between }m and 7,) 


=U; 
har 
therefore 2u = u + log if do, 
0 


u = lr log $. 


2. Hence we can find | 0 log sin 6 d@. 


( 


For f & log sin 0 d0 = f (x — OY log sin 0 d0; 
therefore 0= [ (x — 276) log sin 0d0, 


wT " 
( 6 log sin 6 d0 = }r f log sin 0 d@ = 37° log }. 
Jo Jo “ ie 


* From a Correspondent. 
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3. In like manner, 


us Tv 
f 6 sin" 6 d@ = f (3 — 0) sin" 0 dé 
7 0 / 0 
eT 
= be J sin" 0 d0, 
0 
which is a known integral. 
"zsin «dx 
4. To find the value of ———— , 
o 1+cos 2 
, xsin edz [ (7-2) sin x dx 
0 


l+cos’*z Jo 1+ cos’ x 


es 
‘ | sin z dz 

= ov a 
o 1+ cos’ z 


= bn {tan 1 - tan? (- 1)} = Jn’. 


5. Suppose f(a) -{ dz log (1 - 2a cos x + a’). 


( 


Then S(@ x dz log (1 + 2a cos + a); 


/ 0 
adding these, it is easily seen that 
eo. 


2f (a) -| dz log (1 — 2a’ cos 2z + a’) 


qr 
“i if dz log (1 - 2a’ cos x + a’) 
(by writing z instead of 22) 


-{ dz log (1 - 2a’ cos x + a‘) =f (a’); 


in like manner 2f(a*)= f(a‘), and so on: but if @ be less 
than 1, and x very large, 


I (a’) -| dz log (1) = 0, 
therefore f(a) = 0; 
if a be greater than 1, 
s 2 1 
tS(@ -| dx 2 log a + log (1 — = C08 z+ =) 
= 2m log a, by the former case. 


It is difficult to say, a prior’, in what cases the artifice will 
succeed; but it is manifest that it is chiefly applicable to 
circular and logarithmic functions. H. G. 














V.—ON THE LINEAR MOTION OF HEAT. PART 1.” 


Tue differential equation which expresses the linear motion 
of heat in an infinite solid, is 
dv dv 


dt dx : 


where v is the temperature at the time ¢, of a point at the 
distance z from a fixed plane, which, for brevity, may be 
called the zero plane, and the conducting power is taken as 
unity. Its integral may be put under two forms, one con- 
taining an arbitrary function of z, and the other containing 
two arbitrary functions of ¢ I propose to deduce the latter 
of these solutions from the former, and to show, so far as 
possible, the relation which they bear to one another, with 
regard to the physical problem. 
The first of the solutions referred to is 


he 
1 


Tv =| da a“ f(z 4 Qat’) Spee ka Ae 


Let .v, v,, represent the values of » corresponding to t= 0, 
and z= 0, respectively. Hence, when ¢= 0, we have 


AD 
1 


TU = | das * fx, 
® 


ae 1 
or, since [ dag*=s', o=fz. 
J -2 
Hence fz is the function expressing the initial distribution of 
heat, which therefore is, as it should be, quite arbitrary, and 
sufficient for determining all the succeeding distributions of 
the temperature. If, however, the varying temperature of 
any plane, as for instance the zero plane, be subject to any 
condition, it is obvious that the initial distribution will cease 
to be altogether arbitrary, as it alone is sufficient to deter- 
mine the temperatures at all future times. If, however, 
the initial distribution be given on the positive side of the 
zero plane, it is clear that a certain initial distribution on 
the negative side will enable us to subject the variation 
of the temperature of the zero plane to any condition we 
please. By applying this principle, we can determine, in 
the following manner, the variable temperature of any point 


* From a Correspondent. 
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in the cases; first, when the initial distribution on the posi- 
tive side being given, the temperature of the zero plane 
is a given function of the time; and secondly, when the part 
of the solid on the negative side is removed, and the given 
initial distribution of temperature on the remaining part is 
dissipated by radiation across the zero plane, into a medium 
of constant or varying temperature. 


1. Let the conditions be 


= gr when z>0...... (2), 
PM iar Miao wane awinws COM 


0 


Let yx be the distribution on the negative side, necessary 
to produce (3), when gz is the distribution on the positive 
side. Hence, when 2>0, fe= x, and when «<0, fr= ya, 
and therefore (1) becomes 
\ Ps ! = 
TU= _ dae ™ o(x + 2at*) + [ a" dac* (a + Qat').... (4), 


L 


i 
rb 


te | 


and (8) gives 


ge it = [ da «* »(2at’) 4 da «&™*  (2at*) 


| dae” { 4 (2ut’) + P(— 2at yy. 


Hence we must find a function F, such that 


1 a 1 
wit = [ dae * F(2at aid sie ® (5); 
~ UW 
and, when this is done, we have, for determining y, 
Wb (— 2) = Fe — $2... 000005 (6). 
To determine F, let, in the first place, & be a periodical 
function of ¢, and let 
P Qiat . Qert 
ct = &| A, cos —- + B; sin ——}....(7). 
p P 
Then, by taking p=, any unperiodical function may, by 
Fourier’s theorem, be represented in this form. Hence the 
problem is reduced to that of representing terms of the form 
Qik . Qent ei ia . Seve 2 
cos —— , or sin ——, by the definite integral | dae” F(2at’). 
: } 


y eae j ; 
To effect this, let p=a+vV{+ 2mt V(- 1)}, im the first mem- 
ber of the equation 


ah 
1 


| dpc =n’. 
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Then, dividing by -°" “", we have 
ea) 1 
da g ~ a2 5 v(mt) (12 ¥(-1)] - rT - 2mt v( 1) 
-0 
Hence, by sidition and subtraction, 
2 s 1 2 
= “ m S 2 sim 
*{ da e? gm) ™ £9¢ aV(mt)|} = 7 (2mé)....(@), 
- cos cos * 
the upper sign being taken along with the sines, and the 
lower with the cosines. C hanging the sign of V(mt), we have 


2 : : 
a ikcueniaes a } sin 
[ da &* am) {2av(mt)| =a (Qt)... (0). 
Ln cos : cos ; 


Hence, by addition, 
i) . 
Sy oe ee sin = sin : 
J da« x { <** (mt) J a ae .e 2a v( (mt)} = - (2m#) ; 
- cos 


(a) 


or, since the multiplier of . remains the same when a is 
changed into - a, 


| ' \ sin 
‘i da e® {em F etm) (2a V(mt)} = a" a (2mt)...(c). 
. 


cos 
‘ tr 
Hence, if we put m =— , we have 
P 
a -) 


( _jint ~ Man ert 

, | 

J dak* >) A;( Po+eé » ) cos (2. =| 
0 


ae” 2 
jat pnt 


ry Be’ ate Pp) sin ( vr} 
P/J 
1 = (4,¢ at sin 2) 
<a ' 
P P 


and therefore we have, for the form of the function F, 





iw fir 


2V— 2V— Y 
Fr= lA, (ce ? +e ”) COS (« =) 
aie ; 


im Amr 


+ B; os aT i V5) sin (2 V2) spall 
ps) 


Now, to satisfy (7), 


Pp 9 
A,=- [ dt'tt’ cos Sixt 





, when 7>0, 


Po 

La? 2, 
A, = - [" aw, 

plo 

Si? ... Sint 
B.=- [ dtit' sin =. 





plo 





P 











ee 
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Hence, the expression for Fr becomes 


pFx -{ dt'tt' (° + °°) 
a age {tr lin \ | 
2> vit | » cos4./—| 2 —- 2t', /— }' 
° I J ‘ \V =( J) 
-2 Vz f tr P tr } : 
+eé cos V3 ~ (2 + Qt = IN) 


or, since (e*+ e*) cos 2 = {2 + e7“-)} cos te vW-1)}, 
and (*&-e*)sinz=-{F"*Y- “») sin {zV(-1)}, 


and therefore each term of the series remains the same when 
¢ is changed into —?, 


ao [P ir * \> 
FE = >| Ut it’ x ar f jr a ot [vr f 
P x“ = J. if [é cos \V ? (« Vp 
fm 3 f tar ; of! ar i 
é onials (2+ Va} ]---@ 


If & be not periodical, let p=o. Then, changing the 
limits of ¢ to -3p and 4p, instead of 0 and p, and putting 
tr 7 
=m, - = dm, we have 
Pp p 


2) ro 
ax -| dm | dt'&t' [e mdr cos {m° (a — 2t'm > 
-00 -2 


+ &™* Cos mn’ (a + 2t'm’ i +++ (10). 


Hence, if we determine F' from (9) or (10), and y from (6), 
the solution of the problem is found by using this result 
in (4). 

Equation (6) shows that (zx), the initial distribution on 
the negative side of the zero plane, is composed of two parts, 
- (x) and F(-2z). The first of these, together with gz, on 
the positive side, would obviously have the effect of retaining 
the temperature of the zero plane at zero. But, in addition 
to them, there is the distribution F'(-~), on the negative 
side, which is so determined from (9) or (10), that it alone 
would have the effect of making the subsequent temperature 
of the zero plane be é¢. Hence, since the result of the two 
initial distributions coexisting is equal to the sum of the 
results in the cases in which they exist separately, it follows 
that, on the whole, the varying temperature of the zero plane 
is i. Hence we see how it is that, without altering the 
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initial distribution on the positive side, the initial temperature 
on the negative side may be so distributed as to make the 
temperature of the zero plane be &. 

From (9) and (5), and from (10) and (5), we have the 
following theorems : 


imt 


pritt= > facie | das'* le VD cos & mi («# _?! V2) 


nt ,* ' . 
te” COS I sal (« tt =) 
LU Vp p 


| 
| 
wit = | dm | dt it dag* (2? cos {2m* (at. t'm*)} | 


a, 
— 
—_ 


3 eo 9 


J -® nr 


1 1 1 
e*\") cos {2m* (at’ + t’m')] 
the first or second being used according as & is or is not 
periodical. 

These theorems obviously hold when ¢ is negative as well 
as when it is positive. Hence we have found the distribution 
on the negative side of the zero plane, which not only pro- 
duces in every succeeding time the given temperature of the 
zero plane, but would also follow if, for negative values of ¢, 
the temperature had been the same function of these negative 
values. In general, however, the temperature of any plane 
except the zero plane, as given by (4), will be impossible for 
negative values of ¢, since, except on a particular assumption 
with respect to gz, or the value of jv, when 2 is positive, the 
initial distribution, represented by dz and ¢@z, is not of such 
a form as to be any stage, except the first, in a system of 
varying possible temperatures, or is not producible by any 
previous possible distribution. Thus, if ,o=0 when z is 
positive, and ,v = F(- x) when 2 is negative, the state repre- 
sented cannot be the result of any possible distribution of 
temperature which has previously existed, though if in (4) 
we put ¢2=0, and give ¢ a negative value, we find a distri- 
bution, probably impossible except when z= 0, which will 
produce the distribution 7, when ¢ = 0. 

















VI.—ON THE INTEGRATION OF CERTAIN DIFFERENTIAL 
EQUATIONS. 


By B. Bronwin. 


In my former paper on this subject, several differential equa- 
tions were integrated in finite terms, which by the ordinary 
methods w ould: not have been done without an infinite series 
As there is some difficulty in ascertaining the required form of 
the integral, I shall here exhibit a method by which that may 
be always done. 

Let A, a: J + B, ly Cy = 0. 


Differentiating and pontine y, we obtain 
dy d’y dy 
+ B (“= 
da dx as ' da 
1 1 1 
B= B0,+ 4,0,- A.C, C= C?+BC.- BC; 
A dA 1 dB 


oe B = 0 & 
= = wc, 
eo a 


In like manner, repeating the same operations, we shall have 


0. 


A =-AC 


1 0~0? 


dy pf y, d*y d°y dy dy 
A, — 3, = I —_— = 0, A, —- 3 —- C, ~—— oS ; 
de! de® da’ 3 da’ B, dat” * dx’ 7 
i. ¢ d” y 
- B, +C —* =0. 
A; de po + L ie’ ye . =: & 





ay pp ey 


, ae ee -= 0; the last 
‘dz " dy” ‘ 


Let the following be 
term having vanished. 
' —_ dy , ' 
If we eliminate 7 between the first and second of these, 
dz 


d’y : 
and 7 J between that result and the third, and so on; we shall 


a 
dy nw @y 
| + De “2 9 
dx’ dix’ 
Mand N being finite functions of z. Integrating the final 
equation of the series, we have 


ultimately have y=M- 


q”"y _ ax. a"y = af Xdzx + b, 
az ° 8 
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X a known function of z, and a and 6 arbitraries. Substitu- 
ting these values in the expression of y, we have 

y =a(MfXdzx+ NX) + 6M, 
the complete integral. 

If C, be constant, M will be an integer function of z; and 
since y = 6M is a particular integral, the proposed equation 
will give it immediately by series. ‘The integral /Xdz must 
be reduced to the simplest form possible. Then, putting 
Mj Xdzx + NX for y in the proposed, we shall have N by 
series. This is the easiest way of obtaining M and N when 
C,,is constant ; but if it, be a function of z, these quantities are 
fractions, and can only be obtained by elimination as before 
explained. By this method we should easily find the second 
particular integrals 


=uc™ + °|2 ce, = uci? 4 v | acl? aii 


given in my former paper. 
Let us now — the method Kd one or two examples. 


Suppose (a+ ba) © + = gx) ° “4 -gy=9; 
differentiate, and (a + ba) £ —, & (b+ f+ J) 7 <i 
ag f — 


Therefore making = 7 a te y= 7» we have 
ot C (a+ bz)® e* 7 = Cfdxe™ (a + br)* + Cand 
di’ dx 


y=C{o(a+ bx) 8" + ( figa) fdxe™ (a + bx)®}+C' (f+ gx); the 


complete integral. Constants multiplying the arbitraries are 
omitted, as it is only changing those arbitraries. 


Let (a+ b2) 54 + (f+ ga) — agy = 03 
we have, by differentiation, 


alae Sila id 0; 


(a+ ba) S y (26 + f+ go) <4 
By elimination 


2q°y =(a + bx) (f+ go) : Ys {g(a4 ba) f+ gz)(b+f+ ga} ‘ 








Ae 











Integration of certain Differential Equations. 


By integration 
3 2 
7 = Cc (a + bry, sy = Cfdace™ (a + bx + C’, 


where B = a < -2,y= 7.8 Substituting the values of — 


d’y . , , 
nf in that of 2g’y, we have the complete integral. 
ax : 


To give an ex — or two in which C;, : not constant ; let 


d*y 
dx’ 


(a + bx + ex® +f Y ag + hae + hat) + (U- hay = 0; 
where k = - (h + 2) . After one differentiation and elimina- 


: ad . ‘ 5 , 
tion of y, “- also vanishes, and we obtain an equation of the 
dx 


form P d*y +a! d’ y =" 
dx dx’ 
which gives 
dy _o—_!-h ol ar = OX: 
dx* a+ bx + ex’ + fax’ . 
dy = C/Xdzx+ C’; and 
dx 
farbrrer+fey (9g _ |x AY er a 
y= a ay = X + 77 * or 77%): 
Let A) at +(a- oY +Cy=0; 
dx “s : 
differentiating, we have 
dy {/AY la Fy dy | Madde 
A, a - 30 £20; — sik , 
° dae i( z) bis wo ° da da* kote 


Be =f dee: fqn" sy, 


k and / being arbitraries. Therefore 
y=k{e Ze . a )|- — deo lk) + 1(a- 2), 


where & and / are changed into — a and - J, 

Without the last term vanishing, if we arrive at an equation 
which we can integrate, we shall obtain the integral of the 
proposed in the same manner. And it is obvious that the 
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method will apply to equations of the third order. If by suc- 
cessive differentiation we arrive at an equation, the two last 
terms of which vanish ; or if only the last term vanish, and 
we can integrate the resulting equation of the second order ; 
we shall obtain the integral of the proposed. 

Wd 

. . a Z - . 
The equation ——/ ~ aX would vive 

dz’** : 

y =af’*Xdr’* + ¢,4 CLEA CL + vccccet C2", 
which is the more complex of the two particular integrals. 
It may be observed that a/”*Xdz’* is the remainder of the 
series after the 7 +2 first terms. Suppose this particular 
integral developed by ‘Taylor’s or Maclaurin’s ‘Theorem, we 
shall have 

, 1 Pheynvly 
y = Laz" + — [ le (h - x)'dz, 
: od" 
h afterwards being changed into 2. 
dy dy , 
—— + MZ -- ryY=VU5; M=pP+q-—1, r= pq. 
] P+ VY 


Let (1 - 2°) 


dx ar 
a , ay d’y 
Chen (l-2)—S+m2z _”, ry=0; 
dx’ * da . 


m=Pprty~ l, N=-PAN> P=p-i, ng l. 
Hence, continuing the.process, if p be integer, and we 
make g =p+¢; we find 


dy ]py PP" ’ tI 
(i «gia 4G tie ano, SE CU AT. 

dx? dx?" dx? 
Therefore the remainder is 

C z*. 
(1 -— 2°) ? (h-2)"dx. 
P (p | ) } 
Or, changing z into vz, and h into 2, it is 
pil a} t-1 rl 1 “1 {-1 
ip (1-20) *(1-v)’dv, or C — P1—a77(1—wy} * wedu. 

P(p)! o P(p)Jo' 


This equation is integrated in my former paper ; one of the 
series terminates in the case supposed, and the above is 
obviously the remainder of the other which does not termi- 
nate. ‘The first term of the above remainder expanded is 
Gy" 
P(p) 


of the series will give C. 'Thus, after finding the series in the 


This compared with the first term of the continuation 
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ordinary way, we shall find the remainder after the term 
a,e’, by a definite integral, which is easier than to integrate 
ay 'y 
dx?" 
the proposed, in order to determine the p + 1 arbitraries. 
The two methods, however, amount in reality to the same 
thing. 


= aX, p+ 1 times, and then to substitute the result in 


‘ d*z mm  -« , . 
Again, let — - gx — + q’mz=0, m an integer. We 
da’ dz 
find, as before, 
d”™*z mz ‘ \ d™ 2 Chie 
—— - 7x —— = anc = Cc** 
dx “4 dx” , dz’ nel 


In this case, therefore, the remainder is 


CO ‘eg Fl : ( Yam i 7 1299 ; 
dx ch" (h - xy" dx, or dv c?#*" (1 — ov)". 

P(m), P(m). 

This is always reducible to we? + u [ «e et w and 


being finite integral functions of z. This is the remainder of 


the series which expresses that particular integral of the pro- 
posed which does not terminate, the series being carried to 
the term a2” 

We may employ successive integration, integrating every 
term by parts. ‘This will apply Where the former method 
does not. Supposing that our equation may have the last 
term destroyed by 7 + 1 integrations, let 


A, a + B, 4 + Cy = 0. 
da L 
Then A + Piy+fQ.ydxe+a=0, aan arbitrary. Make 
c 


= [Q,y dx + a; and by substitution the last becomes 


d*y, » WY, a 
A, —3+ B, + Cy, = 
1 dx’ da 
Continuing this process, we have at length 
d* dh . dh 
y; B, oe 4 Cy,=0%, A, Ir + Py, = ( 
" dx : "de "9 
the integral [Q.y dx Pree This integrated gives 
wt da dx aoe : ‘a Ie 
y,= Cela SP ae oe 


Z 


Then we have 






















lel SSE Oe 
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_1 dfid dy,\\ 
we Pe ae za: ee). 


As an example, 


T* 
let TY 5 (a+ 260) 4 + 4by = 0. 
€ 
After two integrations, we have 
dy, : dy 
~—li(a+2br)y,=C, y,=fydt+a, y=. 
E+< ) nay ; oe 


‘ 


By integration 
yy, = Ce ax-bat fdxe™™ | Cor: 
and hence, if M = az + bz’, 
y=C {(a + 2bx)c™ {dac™ oe | } + C' (a + 2bxr) o™ 


T° P 
If = + (a + 2bz) n + 2rby = 0; we have, obviously, 
dy, 
dz 


Here we should have 7 differentiations to perform to find 
y. ‘This might be impracticable. We should therefore make 





+(a + 2bx) y, = C, and y, = Co™™ fdac™™ + Com 


y = 2c", and we have 
dz dz 
— —(a+ 2br) — + 2(r -1) by =0 
dx* de dy 


This will give a = integral by descending series, viz. 
z=a,,U'+a,,2°+...... +a, Let this be called v, and 
make z = uct" ¢ {dzc*"", Substituting this value for z in 
the above equation, we shall determine « in the same manner 
as in several examples of my former paper. 

The modes we have employed very nearly approach to 
certain transformations, which we will briefly notice. 


d*y dy 
, x|—> +q—=0. 
ua (7 Mid. ) 1 de 
d’y 
Make 7 t ry = y; and we have 


ad’y, . dy 
v (Ge + ry) +(q + 2) =n = (0. 


dy | ’ 
Make 2 > ts (¢-1)y=y,; and the same equation becomes 


d*y dy 
Oh ates A +(g- —2 = 0, 
(3 ii n) e-s =" 


dz 
Thus we can increase or diminish g by any multiple of 2. 





d 


n 


es 
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d’ - dy 
Let = 0. 
int + ax Tn + ray = 
dy . 
Make yA + axy =y,; and the transformed is 
d*y, dy, ; 
y > a +(r- Way, = 


where the coefficient of the last term is diminished of unity, 
and by repeating the process, if r be integer, may be de- 
stroyed. But we have already integrated this. 


1’ , 
Let 2& (! + 7) =my; m=r(r+1). 


Make * . y=y, Then we find 


(3 3 +n) = mm m, =(r - 1)? 


and, consequently, 7 is diminished of a unit, and by a repe- 
tition of the process the last term may be destroyed. 


Let # (33 -~4q 7) = 2rqy. 
Make y = zc”; and there results 
a2 dz scoot 
ar * id dx — 


A particular integral of each of these, + 7 being integer, has 
been found in finite terms in the former paper. ‘They will 
give the rT. integral of the pr — 


Therefore eb gio etyao 


? an integer, is always integrable in finite terms. 

Many ‘of the equations treated of in these papers seem par- 
ticularly adapted for the application of a definite integral. 
There is, however, great difficulty in that application ; “and 
in some cases I have been unable to apply it. 1 will put 
down a few examples where it succeeds, but the form has 
been, for the most part, difficult to find. 


ae she + fu =f +mgy=0. The integral is 
G 


= a oh em dt sin (gat) + C’ [ ce dt cos (q2t). 
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When m is integer, one of these may be integrated in finite 
terms. 
d*t di ) 
Let x at + 2q cy + rary = 0, 
dx’ dz 
q between the limits 0 and 1, 
| fl 


y=C (1 - #)y* dt cos (rat) + C'x'™ (1 — &y? dt cos (rat). 


These, by expanding cos (rat), and integrating, will give the 
forms obtained by series. 

Mr. Hymers (see Differential Equations, p. 84) is mistaken 
in supposing that w = [3 /( — n°)" dt cos (at + a) is a complete 
integral. 

It reduces to A /(t’—n*)” dt cos (xt) + B/(E - n*)" dt sin (at). 
The latter of these integrals is zero, the negative des affirma- 
tive parts destroying one another. 

Supposing q positive, the complete integral of 

d*y dy 
vr 4 2q nas 
dx* dx 


pl 
is y C| t?"'dt (1-t)" cos(2rat-rz) + aa ‘dt 1—-t)"'sin (2rat-rz); 


+ Pry = 


d° os dy 
Tv a «f 


and that of 
dz’ t de 


rey 0, 


fl 
is y= ce") wed — oe + Con] w'dta - ore, 
» VU 
From what has been done in these papers, it appears that 
we may sometimes, by series, immediately obtain a particular 
integr: il in finite te rms, and then by tri insforming the equation 
we may obtain the other in finite terms also; and sometimes 
when we can obtain neither, by transformation we shall have 
both in finite terms. There is one circumstance respecting 
certain equations which might perplex, and which therefore 
. , ’ : dy dy 
requires to be noticed. ‘The equation 2° ae i dg 0, 
dx 


ax 

r = p(p - 1) (see former paper) gives immediately y = Cv, a 
m 
series that terminates; and then, making y = zc *, we find 
z = C'w in finite terms, both by descending series. But if we 
m 

develop we * we find it to give v. The fact is that the series 
breaks, certain of the terms vanish; it then goes on again ; 
and the continuation is really the second inte eral of the pro- 
posed, which is only a continuation of the series which gave 
the first, after certain intermediate terms have disappeared. 

















VII.—ON ELIMINATION. 


By R. Moon, M.A. Fellow of Queens’ College. 
Wr purpose, in the following paper, to indicate an easy 
practical method of obtaining the principal or symmetrical 
factor of the result of elimination between two functions 
of the same number of dimensions. 
The result of the elimination of z from the quantities 


ax + b, 
ax + p, 
is af3 — ab. 
To find the principal factor R of the result of elimination 
between ax’ + bz +, 
ax’ + Px+ y. 
Suppose ¢ and a each= 0, the result of climination between 
ax +b, 
Ba+y, 
is ay - bp. 
Multiply this by (ay), and we have 
a’y* — ab By. 
For a’y’ put (ay - acy, 


ab By ... (af3 - ab) (by - Be), 
and we have 


R = (ay - acy - (a3 - ab) (by - Be). 
Let R be the principal factor of the result of elimination 
between ax’ + ba’ + cx + d, 
ax’ + Ba? + yx 0; 
the result of elimination between 
ax’ + br+e, 
Bx" byt + é, 
is (ao- Pes — (ay - 3b) (b8 - Ye), 
or ao’ + Pc’ — 2ad fe 
— ay b8 ; ay'e + LBS - bp yes 
or, multiplying by (ad), 
ad + ape — 20S Be — aybe 


nl a’y*co + abe “s abpeyo. 
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For +a@0° put + (ad - ady 
+ab’Be... + (a - ab) (bd - Bdy 
t+ a@eyd  .. + (ay - acy (cd - yd) 
— a byes ws. — (ay - ac) (b8 - fd) (ad —ad) 
~ 2a°Bc&* ... — 2(aB - ab) (cd — yd) (ad - ad) 
+ ae’ — abBycd, or 
+ (aBed) (Be - by) ... — (as - ab) (cd - yd) (by - Be); 
“ R=(aéd - ady + (ay - acy (cd - yd) 
+ (ap — ab) (8 - Ady 
= (ay — ac) (68 — Bd) (ad - ad) 
— 2 (aB - ab) (ad - ad) (cd - yd) 
— (a — ab) (cd - yd) (by — fe). 

It may be observed, that had we treated @*c’d in the same 
way as the quantities which preceded it, we should have had 
either ~ (a3 - ab) (by - Be) (c8 - yd) 
or else (a8 — ad) (by - Bey. 

Neither of which quantities reduce themselves to a3’c’d, 
when a= 0, d= 0; and the same may be said of abByco, 
whereas it will be found that each of the quantities as above 
substituted, ew] reduce itself to its corresponding quantity 
when a = 0, d=0. 

By the help of this last remark, we may procced to the case 
of four dimensions, of which we shall however only exhibit 
the result, which is, if we put a3 - ad = f(a B) similarly for 
the other quantities, 

+ { flas)}* + {f(ay)}* {feo} 
~ { f(ae)}’ { f (ad) f (be) + 2f (ay) f (ce) + 8f (af) f (de)} 
~ {flay}? { f(e8) fds) + 2f (be) f (de)} 
- f (ay) flee) {f (ad) f(be) + f(a) f do} 
~"{ f(eeF} { fap) fy) + 2f (a2) f(a8)} 
+ flay) f (ad) f bs) f (de) 
+f (ce) f (aB) f 8) fe) 
- { f (ad)} f (de) 
~{7Ge¥} FAB) 
+f (a8) f (be) f(a?) f(a) 
+f (08) f (by) f (aB) f (de) 
+ 2f (ad) f(cd) f (ap) f (de) 
. of (be) f(by) f (aB) fds) 
+ f (ae) f (ce) {f (aby + 3f(aB) f(be)} 
+ f (ae) f (ay) { f (beY + 8f (ad) f (do)}. 








—— = 
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VIII.—EVALUATION OF CERTAIN DEFINITE INTEGRALS. 
By R. L. Exuts, B.A. Fellow of Trinity College. 


WueEN the value of a definite integral is known, we may, if 
it involve an arbitrary parameter, integrate it (under certain 
conditions) with respect to this quantity. ‘The result thus 
obtained involves an arbitrary constant of integration ; in 
order to eliminate it, we may ascribe two different values to 
the quantity for which the integration has been effected, and 
then, of the two corresponding equations thus got, subtract 
one from the other. In other words, we integrate between 
limits for the arbitrary parameter, and thus get a new definite 
integral, involving two arbitrary quantities, namely, the two 
limiting values ascribed to the single one involved in the 
original integral. We may integrate again, with respect to 
either of these, and so on. But this method of proceeding, 
though it will lead to a variety of particular results, is not 
well fitted to show the nature of the class of definite integrals 
to which they all belong, and which may be obtained by 
repeated integrations for an arbitrary parameter. 

If we integrate » times successively, we shall introduce n 
constants. ‘These may be eliminated aé once, in the manner 
I am about to point out. The result thus got, includes for 
every original definite integral, all that can be deduced from 
it by w integrations for an arbitrary parameter. 

The following theorem will serve to illustrate the general 
method. 

If Fx is a rational and integral function of circular func- 
tions of z, (sines and cosines), then we may express in finite 


** Fz . tia at 
terms the value of | ~ “" dz, n being a positive integer, and 
am g § 


Fr) 


such that ot not infinite. 
x 


0 

This theorem applies to several remarkable definite integrals, 
some of which occur in the theory of probabilities ; there are 
others which do not seem to have been noticed. 

Drm. Fz, as every function of z, may be considered the 
sum of two functions, one of which remains unchanged when 
x changes its sign, and the other changes its sign with that of 
x; its value aux signes prés remaining unaltered. Hence, 
whether x is odd or even, we may write 

Fe [2 .# 
Pas a ft’ 
{C# *) and > A 


(-2y at’ (- zy a 


where 
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It is obvious that 
fe “FP ee af * fe dx; 


and that if » is odd, fe, which is +4 course a rational and in- 
tegral function of circular functions (sines and cosines) of 2, 
must be developable in a series of sines exclusively, and if 
is even in a series of cosines exclusively. 

Thus, we may assume 


je= BY ed CTC 


cos | 
ZL. ° ° 

Now, as fe is not infinite when z = 0, the lowest power of 
x 


x which can enter into fz must be not < 2, call it m, and 
develope in powers of z, every sine or cosine which appears 
on the second side of the last written equation. We must 
have YAa"*=0, YAa"*=0, &e....}m-—1 equations if 
m is even, and }(m — 1) if it is odd. 

Let us now consider the definite integral 


rod 
f e™ cos 7, - a. as 
J0 at+?r 


Integrating it repeatedly for r, we get 


ws i 
_ sin 72 E 
[ ew —— dz = tan" -— 
0 xz 








o 
, COS Tz r a” 
| e* —_— dx=-r tan’ - +a log V(a’ +7") + C, 
0 Ss a ‘5 
and generally 
ae) . 
sin | _ 
* ai ~" » 
ax COS 
e* — dx = + ——~ tan" - + aF (ra) 
Jo Prd [2 ~ 1] a 


+ OpP* 4 Coy + Be... .0000 00 0(8), 
where F' (ra) does not become tafinite for a = 0. 

Replace r by every quantity represented in (1) by the 
general symbol a. Multiply each result by the corresponding 
coefficient .A, and add. 

Then, in virtue of the conditions, 

>Aa"*=0, SAa"*=0, &e. 
we shall have 


n-1 
fe —Z dx=+3 24a tan? % 4 aXAF* (aa). 
; [z ~ 1] a 


a 7 P ? 
Put a = 0, then tan” — = + e according to whether a is > 
or < than zero. ad 
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Thus we have 


("fe T 
| ~ dew s ———, B+ Me™ . wvcesese (9) 
oe 2 [n = 1] 

From hence, the truth of our theorem is obvious. 

Of the ambiguous signs outside the symbol of summation, 
the upper is to be taken when » is of the forms 4p, or 4p + 1. 

When a is positive, we must take the upper of the ambigu- 
ous signs under the &. 

It will be remarked, that in obtaining (3) we have elimi- 
nated all the constants at once, instead of getting rid of them 
one by one by particular conditions at each successive inte- 
gration, and that the generality of this method enables us to 
recognize a class of definite integrals, which are all deduced 

an 
from the known value of [ e* cos rx de. 
“0 

Equation (8) admits of several remarkable applications. 
Thus let us suppose z= 38 and fz = sin az sin bx sin cx: then 
fe =-)\{sn(a+ b+ e)x-sin(-a+b+4+c)x-sn(a-bie)e 

-sin(a+b-c) x}. 
Consequently, we have by (3 
y> , 
f sin az sin bx sin cx 
( 


ae = 2 5 2 | 
= Be ine ; {s° $+ (s — af F (s -— bY F(s- ey} 





) 
where, as in trigonometrical formule, 
2s=at+brie: 
the upper sign is to be taken when the quantity to which it is 
affixed is > 0. 


Siionian | 


0 x 


sin az sin bx sin cx 





dz = LFS 1s 1 
a4 ) 


where the signs follow the same rule as in the former case ; 
the different unities involved being the zero powers of s, 
s—a, &c. 

Let us now suppose that fx = sin"x cos 2x; the correspond- 


os 
sin’ @ COS 2x 


ing integral, vie. { ;—— dx occurs in the theory of 
0 a 

probabilities. Its value is given at p. 170 of Laplace’s 
Théorie des Probabilities, where it is obtained by a method 
founded on a transition from real to imaginary quantities. ‘The 
nature of what are called imaginary quantities is certainly 
better understood than it was some time since; but it seems 
to have been the opinion of Poisson, as well as of Laplace 
himself, that results thus obtained require confirmation. In 
this view I confess I do not acquiesce ; but if only in deference 
u 2 
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to their authority, it may be desirable to show how readily 
imaginary quantities may be avoided in estimating the value 
of the integral in question. 
1 f m or 
sin"% = + ‘cos mz — — CO8 (m — 2)x + &e.| if m is odd, 
J 


=~ | 
1 
‘J 


if it is even, 


m 
and = + — sin mit ~~ sin (m - 2)x + &c. 
m 


- gm r 
* sin"2 COS 22 


Hence, by (3), J ———_— dz = 


m 
[n— iy3 om (mz y" + (m-z zy 1 5 Umnte- 2) yu-1 + (m-z-2 n- Ny vse.) 


Let us suppose 2 >m; then the lower of each pair of 
ambiguous signs must be taken, and the expression within the 
brackets may be written thus 


m 
(m+zy""- (m+z-2)""+&e. + = (m-2- 2y"'-(m-zy" .... (q). 


As, from the nature of the case, m and ” are either both 
odd or both even, if m is even, m - 1 is odd, and therefore 
(m - z)** = —(z-my'"; and thus, in every case, (¢) equals 

(1-D")" (z+my.... {Doz=9 (2+2)  say,} 
and this is A” D™ (2+ my" = A" (z- my" =0, 
since m is >w-—1. Consequently 





sin” , 
-—— cos zxdx = 0, when z is >m, 
zx 

0 
a remark not made by Laplace; when m =x = 1, its truth is 


known. 


As (g)=0, add it, multiplied by a ;5 to the value 


of the integral already found, 


‘Eon 2" 


> ~~, 0s zxdr=.—" l(m rz 7 (ms 2-2)" + &e.}...(4), 
» [v1] 2" 1 eg 
where the series stops whenever the next term would intro- 
duce a negative quantity raised to the power x -1. This is 
easily seen to be true, for every such term will have a different 
sign in (q), and in the definite integral, and thus on addition, 
all such terms will disappear. Equation (4) is Laplace’s form ; 
the discontinuity of the function is now expressed, not by 
ambiguous signs but by the stopping short of the series at 
different points. 
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By a similar method, we find that 


Se sant 
| ar sin zedz = —" + lm +2)y""- 7 (m +2-2)"4 &e.| » (5), 

. [n]2”"| 1 J 
which might have been deduced from (4) by integrating both 
sides without introducing any complementary quantities. This 
remark is general ; having once established the general form 
of (4) for any given value of x, we may deduce from it that 
which corresponds to any other value of », simply by differen- 
tiation or by integration, without bringing in any constants. 
I conceive that this remark is general, and if so we may 
differentiate on both sides with fractional indices. Let the 
index be — p, then as 
d” cos 2x = 2” cos 2x + p =) dz’, 


9 
a“ 


the first side of (4) will become 


sin"e 7 
x” cos | zz -p —) dz; 
0 xz" 2 


and the second will be 
rg 
[w-1+2] 
Thus, we get 


“sin™7 _ T 
2” cos| 2x -p-—)|dr= 
a 2 


7 m 
——_—_— —_L(m + 2h? — — (m+ 2-2)? + &e.\ 
[z-1+p]2”\ 1 J 
If we take =m this is equivalent to Laplace’s general 
formula (p), at p. 168 of the Théorie. 
The method of this paper leads to some elegant results 





—, {(m + 2"? - &e.} 





soa h®) 


when applied to the definite integral | edz, but it is 


enough to point out this application, which involves no diffi- 
culty whatever. 





TX.—PROPOSITIONS IN THE THEORY OF ATTRACTION. 


Ler z, y, z, be the co-ordinates of any point P, in an attract- 
ing or repelling body M; let dm be an element of the mass, 
at the point P, which will be positive or negative according 
as it is attractive or repulsive ; let 2’, y', 2 be the co-ordinates 
of an attracted point P’ ; 
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let A= {(z' -zy +(y' -yf+(2-2F}°; 
, dm 

A b] 
the integral including the whole of JZ. This expression has 
been called by Greer mn, the potential of the body M, on the 
point P’, and the same name has been employed by Gauss, 
(in a Mémoire on “ General Theorems relating to Attractive 
and Repulsive Forces,” in the Resultate aus den Beobachtung- 
en des magnetischen Vereins im Jahre 1839, Leipsic 1840, 
edited by M. Gauss and Weber.* ) Bya wanted n theorem, the 
components of the attraction of Mon P’, in the directions of 


v, Y, %, are dv' dv’ dv’ 

“a ay 
and, if dy’ be the element of any line, straight or curved, 
which passes through P’, the attraction in the direction of this 


and let "he 


element is at Hence it follows that, if a surface be drawn 
through ar vein P" for every point of which the potential 
has the same value, the attraction on every point in the sur- 
face is wholly in the direction of the normal. Surfaces for 
which the potential is constant, are therefore called, by Gauss, 
surfaces of equilibrium. It has been shown in a former 
paper,t that, if JZ, instead of an attractive mass, were a group 
of sources of heat or cold, in the interior ofan infinite homo- 
geneous solid, v’ would be the permanent temperature produced 
by them, at P’. In that case, the surfaces of equilibrium 
would be ésothermal surfaces. 

When the attraction of (positive or negative) matter, as for 
instance electricity, spread over a surface is considered, the den- 
sity of the matter at any point is measured by the quantity of 
matter on an element of the surface, divided by that element. 

The principal object of this paper is to prove the following 
theorems. 

If upon £, one of the surfaces of equilibrium enclosing an 
attracting mass, its matter be distributed in such a manner 
that its density at any point P is equal to the attraction of 
M on P;; then, 

1. The attraction of the matter spread over FE, on an ex- 
ternal point, is equal to the attraction of AZ on the same point 
multiplied by 47. 





* Translations of this paper have been published in Taylor’s Scientific 
Memoirs for April 1842, and in the Nos. of Liouville’s Journal for July and 
August 1842. 
+ See vol. 111 


"9 


p. 73 of this Journal 
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2. The attraction of the matter on FZ, on an internal point, 
is nothing. 

These theorems were proved in a previous paper, (see 
vol. 111. p. 75,) from considerations relative to the uniform 
motion of heat ; but in the following they are proved by direct 
integration. 

Let u be the potential of M, on the point P, (xyz) in E. 
The components of the attraction of Mon P, in the directions 


of x, y, z, are du du du 


si dz ie dy a. dz > 
and hence, if a, 3, y be the angles which a normal to E at P 
makes with these directions, the total attraction on P is 


du es du cos B + du ba a du 
as enue a ion Oe ee or —- — 
dz dy a dn’ 
if dn be an element of the normal through P. 

This is therefore the expression for the density at P, of the 
matter we have supposed to be spread over E. Let ds be an 
element of E at P; let v' be the potential of E, on a point P’, 
(z'y'z'), either within or without #; and let A be the distance 


from P to P’. Then 


du du du du 
(Fe cos a+ S cos 8 + Hos rds — ds 
a | dx dy dz | . ay seo (8) 
A , & , 
the brackets enclosing the integrals denoting that the integra- 
tions are to be extended over the whole surface E. Now for 
ds, we may choose any one of the expressions, 
ds = as » ag= ha , ag= adhe 
COS a cos 3 
Hence any integral of the form 
{{(A cos a + B cos B + C cos y) ds} 
may be transformed into the sum of the three integrals, 
(ffA dy dz), (f[f[Bdxdz), ([[C dz dy), 
by using the first, second, and third of the expressions for ds, 
in the first, second, and third terms of the integral respectively, 
Hence, if A= ot y, B= Z y, C= ee 


dz 


fa (40 oc dp 1 
(| dn yas) or U(z COs a + dy cos B + 4 cos 7) an 4 


{ff ® iy ds dp \ 
1 w = ly dz y= dz dz + — dz ay ies (b), 








cos y 
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the limits of the integrations relative to y and z, x and 2, 
x and y, being so chosen as to include the whole of the surface 
considered. 

Making use of this transformation in (a) we have 


—- ( WS dydz | du dxdz : du a) 


= = oa 4 oe je 


\JJ\dz A "yy A dz A 


. ‘(du dydz ... -» (dul du d 1 
Now ies _* [fdydefae (Te Wa i*EEL) 





. (a). 








Ix? A *Gedz& 


Hence, if the integrals in the second member include every 
point in the space contained between FE, and another surface 
of equilibrium, £’, without EZ, and which we shall suppose to 
be also without P’, we have 


du dydz\' _ {i ‘du dydz\ _ -| KS d*u 1 , du d 1 
{{f de Af IE cas. [ dea” dedza ail 


the accent dine that, in the term accented, the integrals 
are to be extended over the surface E’. Modifying in a 
similar manner the second and third terms of v', we have 


du “du du d 
ez ds \a “| i “| . 
<2 ee | a Pe oe 
“Y A A A 


-{{{ d*u F du du dud 1 P du a :. dud 1 dedudz 
7 dx dy dz dzdx' A dydy A "dedz & il 


7 = ff ladagie (= 1 dud :) 





Now, for all points without M, + oa ohe). 
Tu du Wu 
+ +- 


—+ = 0 
dx dy dz 


b] 


by a known theorem; and such points only are included in 
the integrals in the second member of (c). 
Also, by integration by oe 


lu d 
{([F 3 dadydz -[fuZ v—-— = dyde - [[[-< u wa5 dxdydz 
| Lz a x a ydz \ {ffs ua : dy yas} - [ [fe St — dadydz. 


di similarly the two remaining terms of the second 
member of (c), we have 





— =. ~~ 


in 


cond 
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fan 
dn me | { d 1 d 1 d 1 7 

Fen ain Seaed 1D hs eee come rdz - —_—— 
x ” . u(Z xduters a ua a oe oe aly) 
sn { [fw (45 dydz + ‘a dadz + 5 = = aedy 

( 

. ft. + ; 

- fff “(35 7" ‘> A +a *) dadydz....(c’). 


Now, since E and E£’ are surfaces of equilibrium, u is con- 
stant, for each, Again, 
fi #1 #1 
asec + eng fb <a em oe G, 
dz A dy’AX dA 
except w hen P coincides with J”, at which point wu has the 
value w'. Hence, the value of the integrals, 


r yt ty. US 1 
| ul{—,— +, -+— dxdydz 
J dx’ A dy’ A dz A 


is only affected by these elements, for which w = wu’, and hence 
wu may be taken without the integral sign, as being constant 
and — tow. If therefore, for brevity, we put 


[Nei — dydz + aa | dade + <2 ~ x deny) = (A) or (hy... .(d), 


according as the integrals refer to #, or to E’, 


1 «1 Pe 1 
‘ ; a dyds = hy occas l€ 
me IW ez A dyA Te i) a (), 


the integrations including every point between EF and E'; 
equation (c’) becomes 


du 
; ds 
| n m(+v' =(u) (hy-(u)(h)-uwhk...... (c). 


Now it is obvious that, at a great distance from M, the 
surfaces of equilibrium are very nearly spherical. Let E' be 
taken so far off that it may be considered as spherical, without 
sensible error, and let y be the distance of any point in ZL’, 
from the centre, a fixed point in M&M, or, 7 - the same, 


. , d y 
the radius of the sphere. Then - or — — is the at- 
dn -F 


traction of M, on a point in H’, and is therefore equal to — , 
ad 


> 
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and therefore, by the known expression for the potential of a 
uniform spherical shell, on an interior point, 


‘ 


du ds 

_ 4 |dn ‘al M f fas’ _ M 

Al’ yas ¥ 

It now only remains to Plat the integrals (A), (A), and &. 


—; 4ry = Am (uw). wre yg" 


By putting, in (6), P= 1, g= x? we find the following 


transformation, for (h), 


d ; 
A dA ds 
du du A?" 


Now let the point (xyz) be valieevall to the polar co-ordinates, 
y, 9, ». Then, if P’ be pole, y = A. Also, if ~ be the 
angle between A and dn, the expression for ds is 


A’ sin 0d0d¢ dA 





ls = » OF, since = 
ds mae or, since cos ~ = —s 
__ A’sin Od0d 
ds = —— - 
dn 
Hence, h=- ff sin 0d0d9. 


If P’ be within the surface to which the integrals refer, the 
limits for @ are 0 and z, and for g, 0 and 27, and in that 
case, h = — 4m; therefore, since P” is always within £’, 

(A) =- 49 ........ (9). 

If P’ be without the surface considered, then, for each 

value of #, we must take the sum of the expressions 

— sin 0d6d, and — sin 0 (- d0) d9, 
and therefore, each element of the integral is destroyed by 
another equal to it, but with a contrary sign, and the value of 
the complete integral is therefore zero. 

Hence, according as J” is without or within £, 

(h)=0, or (h)=-—47........ (A). 

Again, to find the value of %, we have, by dividing it into 

three terms, and integrating each once, 


d d i 

alll Cares y dz + i Nook der Fade dy) 
Ane tens? Laas Z 2 \ 
1] & , dy dz zs dx dz + — dx dy f 


=(h) -—(h)=-4r-0, or 4a + 47; 
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and therefore, according as P’ is without or within £, 
k=-4m7, or k=0........ (&). 
Hence, making use of (f), (g), (4), (&), in (c’), we have 


v= 4ru', when FP’ is without E......(1), 


v' = 4r(u), when J is within Z......(2). 


° 


From the first of these equations it follows, that the attrac- 
tion of #, on a point without it, is the same as that of M, 
multiplied by 47; and since the second shows that the 
potential of £, on internal points, is constant, we infer that 
the attraction of # on internal points is nothing. 

These theorems, along with some others which were also 
proved in the previous paper in this Journal, already re- 
ferred to, had, I have since found, been given previously 
by Gauss. One of the most important of these is the 
following. If amass M be wholly within, or wholly without 
a surface, an equal mass may be distributed over this surface 
in such a manner that its attraction, in the former case on ex- 
ternal points, and in the latter on internal, will be equal to 
the attraction of M, on the same points. ‘This theorem, 
which was proved from physical considerations in the paper 
On the Uniform Motion of Heat, §c., is proved analytically 
in Gauss’ Jémoire, but the same method is used in both to 
infer from it the truth of propositions (1) and (2). 

From Prop. (2) it follows that, if H be the surface of an 
electrified conducting body, the intensity of the electricity at 
any point will be proportional to the attraction of M/Z on the 
point. Hence we have the means of finding an infinite 
number of forms for conducting bodies, on which the distri- 
bution of electricity can be determined. 

Thus, if M consists of a group of material points, m,, m,, 
&ce., whose co-ordinates are 2, Yj) 2,3 %» Yo» %» &e., the 
general equation to the surfaces of equilibrium is 


m Mm, > 
+ Eninincciin: hing 


1 
2 





{(x-2,)+(y-y,)+(2-2,)}*  {(a-2,F4(y-y,)+(z-2,)} 
and the intensity of electricity at any point of a solid body, 
bounded by one of them, will be the value of 


(2-6-2) 
at the point. de dy dz} J’ 


To take a simple case: Let there be only two material 
points, of equal intensity. ‘The surface will then be a surface 
of revolution, and will be symmetrical with regard to a plane 
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New Property of the Ellipse and Hyperbola. 


perpendicular, through its point of bisection, to the line 
joining the two points, and would probably very easily be 
constructed, in practice. We should thus have a simple 
method of verifying numerically the mathematical theory 
of electricity. P. Q. R. 

. (To be continued.) 





X.—NEW PROPERTY OF THE ELLIPSE AND HYPERBOLA.* 


Ir a body, setting out from a given point, move so that the 
difference of its distances from two fixed points is always 
greater, or always less, than if it had moved over an equal 
space in any other way, its path will be an ellipse, of which 
the two fixed points are the foci. If it move so that the 
sum of its distances from the fixed points has that property, 
its path will be an hyperbola, of which the fixed points are 
the foci. 

Taking the first case, let S, H, be the fixed points: then, 
since the difference of the distances is always to be the greatest 
or least, it must be true for every point of the path; and 
consequently thé body, in moving from a position P over an 
elementary space PQ of given length, must move in such 
a direction as to satisfy the condition SQ ~ HQ, a maximum 
or a minimum. 

Now, with the centre P and radius PQ, describe a 
circle; then, in what direction soever the body move, it 
must be found somewhere in the circumference of this circle 
when it has moved over a 
space equal to PQ: we have 
therefore to enquire, what . , 


point Q in the circumference of 
satisfies the condition / 7 
SQ - HQ, [ / 
a maximum or a minimum. / 
With foci S,H, describetwo .. dt 
8 ¢ ‘A A oA 


hyperbolas: one of which, 
AQ, touches the circle on the side towards H; and the other, 
A'Q', on the side towards S. Let QO. G2, be the points of 
contact; and bisect SH in C. Then an hyperbola, having 
the foci S, H, and a major axis greater than 2C'A, would fall 
within AQ, and therefore would not reach the circle; AQ is 
therefore the hyperbola of greatest major axis which can have 





* From a Correspondent. 
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a point in common with the circle: consequently, SQ —- HQ 
is greater than if Q were situated in any other point of the 
cir cle ; ; and therefore Q is the point to which the body must 
move, in order that the difference of its distances from S and 
HI may always be greater than if it had moved through the 
same space in another direction. But PQ is a normal to the 
circle, and therefore to the hyperbola; and consequently SQ, 
HQ, are inclined at equal angles to PQ, which is an element 
of the required path. Hence the body moves in a curve, the 
tangent at every point P of which is inclined at equal angles 
to SP, HP; the curve is therefore an ellipse, of which S, H, 
are the foci. By the aid of the hyperbola A’Q’, we may 
shew that the body must move in the same ellipse t o Q, if 
the difference of its distances from S and ZH is always to be 
the Jeast possible. Hence it appears, that when a body 
moves in an ellipse, the difference of its focal distances is 
always a maximum or always a minimum, according as it is 
approaching towards or receding from the major axis. 

If with the foci Sand H we had described ellipses touch- 
ing the circle in Q’ and Q", we might have shewn that the 
body must move from P to Q’, or from P to Q”, in order 
that the swm of its distances from S and ZZ may always be 
the least or the greatest possible. Hence Q'PQ" is ulti- 
mately an are of an hyperbola, of which S and H are the 
foci. And hence, when a body moves in an hyperbola, the 
sum of its focal distances is always a maximum or always a 
minimum, according as it is receding from or approaching 
towards the major axis. " 


XI.—MATHEMATICAL NOTES. 

1. Note on Mr. Bronwin’s Paper on Elliptic Integrals.— 
Jacobi’s formule (8), (13), in p. 38, and the second formula 
in p. 37, of the Nova Fundamenta, §c. which Mr. Bronwin 
objects to in the case of m even, are perfectly correct. His 
own do certainly fail in that case, and the reason is obvious 
enough. The formule of Jacobi in question, adapted to the 
notation of the paper referred to, are 

8.A.U 8.0 (U + QW) v8.0 | ‘i 2(n—-1)w} 
s.a(K - 2w)s.a(K ihe a{ K-2(n-1)o} 
C.0.U.0.4 (U+Qw)... cafut+2(n—-1)0 
C.4.0 = —— ( ) L 1) 4} Sorry | 

C.0.20.0.0.40 ... 6.4 (2N - 2) w 
_ 3.0 (K- 2w) s.a (K- 4w) ... 8.a { K-2(n-1) o} 


——_—__— _— ——-—_ ,,,(8). 
8.0.2w 8.0.40 «6 8.0.2 (n-1) 0 ) 


§.4.0= 


owe AED 


—" 
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The second of which coincides with Mr. Bronwin’s, while he 
has for the denominator of the first and third, 


$ dw $.d.8w.... 8.a(2n- 1) a, 


a quantity which, as he remarks, vanishes when m is even, 
(and m'; however the passage velene particularly to m’=0). 
Jacobi’s denominator does not vanish on the same supposition. 
Assume that from the equation (2) we may deduce one of 
the form m (1), only having a constant C for its denominator. 
In the equation (2), let w Phave the value w assigned to it. 
c.a.v contains the factor. c.a.nw, which for 

(2r+1) K+ 27 K' v(-1) 


n 
vanishes, while for 
_ 2rK + 2r'K' V(- —_— 2r Kk + (2r' + 1) K' V(-1) ; 
n n' 
_(2r + 1) K+ (2r'+ 1) KV - v( - Z. 
ae 
K'v(-1) 


it reduces itself to (-1)"”", +, respectively. In 
the first case the aati value of s.a.v is of course +1, 
and we have therefore the equation 


+ C=s.aw 8.a.80....8.a(2n- 1), 


Mr. Bronwin’s divisor, which is therefore equal to Jacobi’s 
in this particular case only. ‘The two next cases give no 
results, and the last gives 


1 
+— C= 5.d.w.8.a.30 ..., 8.a(2n - 1)0; 


k 
or in this case the divisor is 


Kk .8.0.0.8.0.3w .... 8.a(2n- 1). C. 


2. Solution of a Geometrical Problem—The sum of the 
squares of the perpendiculars let fall from » given points on 
a plane is constant; the plane envelopes a central surface of 
the second order, having its centre at the centre of gravity 
of the » points, and its axes coincident with the principal axes 
of the system of » points. 

Assuming any rectangular axes, let (2'y'z’), (v'y'2") ...... 
(x’y’2"), be the projective co-ordinates of the » points, &, v, Z, 
ty tangential co-ordinates of the plane, the sum of the 
squares = 7k; then we shall have 


P?+P24+P,2...... Prank, 











n 


of 


ty 
es 


he 
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ait ‘ 27 = 
oras P = ee eee ~ 2) , P= at he Oe 
Ve + v® + 6) VE + u + f°) 


Squaring and adding, 





{a7 + + a Bt fyP ey yb ots {22427425 2 


+2 {a'y'+ a'y’ + c"y"} t+ 2 {a's 4 a'e 4a") & 


+2 {y'2 + y's! + y"2"" 


we 
~ 


veep oS +2 {aie + we’ + v2"... } EL 


/ 


~2{et+a'+a'..}k-2{y'ty'ty” pu-—2 {ere +242" bo +n 
=nk {P+ 7+; 


which is the tangential equation of a central surface of the 
second order (when the absolute term is unity in an equation 
of this nature, the semi-coefficients of the linear terms &, v, Z, 
are co-ordinates of the centre); hence the co-ordinates of the 
centre of the surface are 
etaita... yry ty. 24242" 
5] 


’ 5) 
nr n nr 





but these are the co-ordinates of the centre of gravity of the 
n points: hence, let the origin of co-ordinates be supposed to 
have been originally placed at the centre of gravity of the 
points, and the axes of co-ordinates coinciding with the prin- 
cipal axes of the system of » points ; and let a, 4, c, denote the 
radii of gyration of the system round the axes of X, Y, Z, 
respectively. 
Then we shall have the following equations: 


2 


e+ ete ane, y ty ty... = nb’, 224+ 2°42". =e’, 


zy’ +a'y' + 2"y"= 0, x'2' + 2'2'+ al"2""...=0, y'2 + y'2't y"2"= 0, 
2 fs 2 2. al ee ins 0, y' + y" ut y" + y” = 0, 2! a 2" as 2!" x. 2’ - 0: 


making these substitutions in the original equation, and 

dividing by x, we shall have 
B-@)2+(P-BP)2+R-ce)F=1, 

the tangential equation of a central surface of the second 

order, the squares of whose semiaxes are (h’ — a’), (K’ - 6°), 

and (K? — c”). 

The distances of the foci of the principal sections of this 
surface from the centre are independent of /; hence, if dif- 
ferent groups of perpendiculars are let fall from the same x 
points on so many different planes, these planes will envelope 
as many confocal surfaces of the second order. 


J. B. 
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3. Note on the Measure of Intensity in the Theory of 
Light—The reason assigned by Mr. Airy (Tracts, p. 296, 
note,) for taking the square of the coefficient of the disturb- 
ance as the measure of the intensity of light, appears to be 
not very satisfactory: the following considerations may per- 
haps place the matter in a clearer light. ‘They are taken 
from a paper by Abria in Liowville’s Journal, tom. tv. p. 248. 

The mechanical effect of a body in motion is measured by 
the vis viva. Now, in order that light may produce a sensible 
impression on the retina, it is necessary that the action should 
continue for a time which, though short, is yet very much 
greater than the time of vibration of a particle of the lumi- 
niferous ether: therefore the measure of the effect must be 
the aggregate vis viva during the time necessary to produce 
sensation. But it is generally required only to find the ratio 
of the intensities at two different points; and hence it is suffi- 
cient to calculate the ratio between the sums of the squares 
of the velocities of the molecules at the two points during the 
time of one vibration : for in consequence of the great number 
of vibrations which take place before a sensible effect is pro- 
duced, we may suppose that number to be an integer, and 
the same for the two points. 

Now, let the disturbance be represented by 


. @r 
a sin . (vt — 2); 


then the velocity of the molecule will be 


cae a cos = ~ y (vt - x); 


and if r be the time of a aie the sum of the vis viva 
during that time will ” ages by 
J “dt a? cos’ = (ot - 2). 


But r= A ; therefore, a between the limits, we find 


as the measure of the effect, 
2r°—a, 


r 


which is proportional to the square of the coefficient. 





